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1. Introduction

The expansion, rotation and shear of time-like geodesic congruences are encoded in

the differential properties of the geodesics, which in turn are related to the physical

interpretation we give to the gravitational field equations. Shear and vorticity play

important roles in the expansion dynamics of cosmological fluid models as described

by the Raychaudhuri equation1–5 and in the way distant matter can influence the

local gravitational field.

There have been numerous studies on the role of shear in General Relativity, and

the special nature of shear-free cases in particular. In6 Gödel showed that shear-

free time-like geodesics of some spatially homogeneous universes cannot expand and

1
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rotate simultaneously, a result later generalized by Ellis7 to include inhomogeneous

cases of shear-free time-like geodesics. Goldberg and Sachs,8 on the other hand,

showed that shear-free null geodesic congruences in vacuo require an algebraically

special Weyl tensor and this was generalized by Robinson and Schild9 to include

non-vanishing, but special forms of the Ricci tensor.

An interesting aspect of these shear-free solutions is that they do not hold in

Newtonian gravitation theory,5, 10, 11 even though Newtonian theory is a limiting

case of General Relativity under special circumstances, namely at low-speed relative

motion of matter with no gravito-magnetic effects (vanishing magnetic part of the

Weyl tensor) and hence no gravitational waves.

Recently, however, it has been shown12 that there are some models of f(R)-

gravity which exhibit Newtonian behaviour in the shear-free regime. For instance,

some analytic f(R) models13 modify the Netwonian limit in the form of Yukawa

correction to the gravitational field without requiring dark matter and enhance

structure formation below the Compton wavelength.

Cosmology with mimetic matter14, 15 within the context of f(R)-gravity16 pro-

vides a more general f(R) gravity theory in the sense that it is equivalent to a gravi-

tational theory with two scalar fields, one of which accounts for the dark matter sec-

tor of the Universe, while the other is responsible for the dark energy content while

satisfying the weak, null and dominant energy criteria and the Dolgov-Kawasaki

instability criterion.17

In the Newtonian formulation of cosmological models, one considers potentials

rather than forces in the dynamical evolution of spacetime, and a generalized con-

cept of acceleration is introduced to represent the combined effects of gravitation

and inertia.2 Thus, Newtonian cosmologies are an extension of the Newtonian The-

ory (NT) of gravity and are usually referred to as “quasi-Newtonian”, rather than

strictly Newtonian formulations.

Despite there being no proper Newtonian limit for GR on cosmological scales,

recent works on so-called quasi-Newtonian cosmologies18–20 have shown that gravi-

tational physics (such as analysis of nonlinear collapse and structure formation using

the Zel’Dovich approximation21) can be studied to a good approximation using such

an approach. In,18 it was shown that non-linear quasi-Newtonian cosmologies are

generally covariantly inconsistent in General Relativity. This inconsistency is due

to the imposition of a shear-free and irrotational congruence condition, resulting

in the vanishing of the magnetic part of the Weyl tensor,22 thereby turning off the

contribution from gravitational waves.23 This in turn puts strict constraints on the

gravitational field.19, 23–25 On the other hand, when linearized around a Friedmann-

Lemâıtre-Robertson-Walker (FLRW) model, these quasi-Newtonian models are con-

sistent and provide a basis for the study of peculiar velocities in almost FLRW

models.18, 19 It has been pointed out26 that peculiar motion can locally mimic the

effects of dark matter in regions of a dust-dominated FRW universe endowed with

bulk peculiar velocities.
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Based on the ansatz for the evolution of the gravitational potential introduced by

van Elst and Ellis18 and Maartens’ generalisation,19 we first consider what happens

if we modify the stress-energy tensor to include a a general anisotropic stress πab

and extend the general relativistic integrability conditions for the linearized models

about the FLRW background. We show that while a general anisotropic source does

not lead to integrability conditions that close on time propagation, f(R) gravity is

special because of the particular form πab takes in this case.

The paper is organized as follows: in Section 2 we give a brief summary of the

covariant approach and the necessary covariant equations. In Section 3, we study the

integrability conditions in a general fourth-order gravity and show in Sec 4 that the

linearized covariant equations are consistent by showing that the f(R) covariant

equations satisfy the integrability conditions. Finally in Section 5 we discuss the

results and give an outline of future work.

Unless otherwise specified, natural units (~ = c = kB = 8πG = 1) will be used

throughout this paper, and Latin indices run from 0 to 3. The symbol ∇ represents

the usual covariant derivative, we use the (− + ++) signature and the Riemann

tensor is defined by

Ra
bcd = W a

bd,c −W a
bc,d +W e

bdW
a
ce −W f

bcW
a
df , (1)

where the W a
bd are the Christoffel symbols (i.e., symmetric in the lower indices),

defined by

W a
bd =

1

2
gae (gbe,d + ged,b − gbd,e) . (2)

The Ricci tensor is obtained by contracting the first and the third indices

Rab = gcdRcadb . (3)

The action for f(R) gravity can be written in these units as:

A =

∫

d4x
√
−g

[

1

2
f(R) + Lm

]

, (4)

where R is the Ricci scalar, f = f(R) is the general differentiable (at least C2)

function of the Ricci scalar and Lm corresponds to the matter Lagrangian.

Finally, in a FLRW background universe, the non-trivial field equations result-

ing from the above action lead to the following equations governing the expansion

history of the Universe:28, 29

Θ̇ + 1
3Θ

2 = −1

2
(µ+ 3p) , (5)

Θ2 = 3µ+
9K

a2
, (6)

i.e., the Raychaudhuri and Friedmann equations. Here Θ is the expansion parameter,

related to the Hubble parameterH and the scale factor a(t) via the standard relation

Θ = 3H = 3ȧ/a , and the spatial curvature parameter K takes values ±1 or 0
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depending on whether the FLRW models are closed, open or flat, respectively. One

can also show that the Ricci scalar is given by

R = 2Θ̇ + 4
3Θ

2 +
6K

a2
. (7)

2. Covariant equations

For a given choice of the 4-velocity vector field ua, the Ehlers-Ellis covariant ap-

proach30, 31 gives rise to a set of fully covariant quantities and equations with trans-

parent physical and geometrical meaning.19

The Einstein field equations can be written as

Gab = Tab + T ∗
ab = Tab , (8)

where Tab is the usual energy -momentum tensor (EMT) of standard matter given

by

Tab ≡
2√−g

δ(
√−gLm)

δgab
, (9)

and T ∗
ab can be interpreted as the effective energy momentum tensor of any addi-

tional (imperfect) sources. In section 4 we will consider the case of f(R) gravity. In

this setting, the total EMT Tab of the entire cosmological medium, given by

Tab = µuaub + phab + qaub + qbua + πab , (10)

is conserved, and so are the individual EMTs Tab and T ∗
ab.

Here the projection tensor hab = gab+uaub projects the metric properties of the

instantaneous rest spaces of observers orthogonal to ua and the dynamical quantities

µ = Tabu
aub = µm + µ∗, qa = −Tbcu

bhc
a = qma + q∗a ,

p = 1
3 (Tabh

ab) = pm + p∗, πab = Tcdh
c
〈ah

d
b〉 = πm

ab + π∗
ab , (11)

are the total relativistic energy density, the relativistic momentum density (energy

flux), the relativistic isotropic pressure and the trace-free anisotropic pressure of the

total fluid. The effective energy density, isotropic pressure, heat flux and anisotropic

pressure of standard matter and non-matter contributions are defined accordingly.

In such a treatment, the dynamics, kinematics and gravito-electromagnetics of

the FLRW background is characterized respectively by

∇̃aµ = 0 = ∇̃ap , qa = 0 , πab = 0 , (12)

∇̃aΘ = 0 , Aa = 0 = ωa , σab = 0 , (13)

Eab = 0 = Hab . (14)

The evolution and constraints of the above quantities are determined by applying

the 1 + 3-covariant decomposition on the Bianchi and Ricci identities

∇[aRbc]d
e = 0 , (∇a∇b −∇b∇a)uc = Rabc

dud (15)
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for the total fluid 4-velocity ua. It is interesting to note here is that these dynamic

and kinematic quantities undergo transformations if a different 4-velocity ũa is

chosen.

Because we are dealing with linearized perturbations of FLRW models, let us

choose the comoving (Lagrangian) 4-velocity ũa to be of the linearized form18, 19

ũa = ua + va , vau
a = 0 , vav

a << 1 , (16)

where va is a non-relativistic (“peculiar”) velocity that vanishes in the background.

This is what is referred to as a quasi-Newtonian (Eulerian) frame.19, 27 The matter

pressure and vorticity both vanish in this frame, while the matter energy flux qma
is non-zero, i.e., there is net particle flux due to the tilting of the quasi-Newtonian

frame relative to the comoving one. Moreover, both the isotropic and anisotropic

pressures of matter vanish to linear order because they arise as second-order effects

due to the relative motiona:

pm = 0 , qma = µmva , πm
ab = 0 , (17)

ωa = 0 , σab = 0 . (18)

To first order, these quantities evolve according to19, 28, 32

µ̇m = −µmΘ − ∇̃aqma , (19)

Θ̇ = − 1
3Θ

2 − 1
2 (µ+ 3p) + ∇̃aA

a , (20)

q̇ma = −4

3
Θqma − µmAa , (21)

Ė〈ab〉 = ηcd〈a∇̃cH
〉b
d −ΘEab − 1

2 π̇
ab − 1

2∇̃
〈aqb〉 − 1

6Θπab , (22)

and are constrained by the following equations:

Cab
0 := Eab − ∇̃〈aAb〉 − 1

2π
ab = 0 , (23)

Ca
1 :=

2

3
∇̃aΘ+ qa = 0 , (24)

C2
a = 1

2η
abc∇̃bAc = 0 , (25)

C3
ab := Eab −

1

2
πab − ∇̃〈aAb〉 = 0 , (26)

Cab
4 := ηcd〈a∇̃cE

〉b
d − 1

2η
cd〈a∇̃cπ

〉b
d ,= 0 , (27)

Ca
5 := ∇̃bE

ab + 1
2∇̃bπ

ab − 1
3∇̃

aµ+ 1
3Θqa = 0 . (28)

(29)

The shear-free and irrotational condition 18 and the gravito-electromagnetic (GEM)

constraint 27 result in the “silent” b constraint

Hab = 0 , (30)

aA generalized nonlinear transformation of quantities between the two frames is given in.19
b In silent universes, the propagation equations decouple from the gradient, divergence and curl
terms (the spatial derivatives, basically), thus forming ordinary differential evolution equations.
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i.e., no gravitational waves, and in turn showing that qma (as well as va) is irrota-

tional:

ηabc∇̃bvc = 0 = ηabc∇̃bqcm . (31)

It follows that for a vanishing vorticity, there exists a velocity potential φ19, 33 such

that

va = ∇̃aφ . (32)

3. Integrability Conditions

A constraint equation CA = 0 is said to evolve consistently with the evolution

equations19, 20, 34 if

ĊA = FA
BC

B +GA
Ba∇̃aCB , (33)

where F and G are quantities that depend on the kinematic, dynamic and GEM

quantities but not their derivatives. It has been shown19, 23 that the non-linear

models are generally inconsistent if the silent constraint 30 is imposed, but that

those linearized around the FLRW background are consistent. Thus, in order to

find integrability conditions for quasi-Newtonian cosmologies, it suffices to show,

using the appropriate transformations between the quasi-Newtonian and comoving

frames, that these cosmologies form a subclass of the linearized silent models.

The following shows the mapping of the linearized kinematic, dynamic and GEM

quantities from the quasi-Newtonian frame (ua) to the comoving frame (ũa):19, 23, 29

Θ̃ = Θ + ∇̃ava , (34)

Ãa = Aa + v̇a +
1
3Θva , (35)

ω̃a = ωa − 1
2ηabc∇̃

bvc , (36)

σ̃ab = σab + ∇̃〈avb〉 , (37)

µ̃ = µ , p̃ = p , π̃ab = πab , q̃∗a = q∗a , (38)

q̃ma = qma − (µm + pm)va , (39)

Ẽab = Eab , H̃ab = Hab . (40)

Using Eqs. 17-40 one can covariantly describe linearized silent universe models

by the following equations:

p̃ = 0 , q̃ma = 0 , π̃m
ab = 0 , (41)

Ãa = 0 , ωa = 0 , σ̃ab = ∇̃〈avb〉 , (42)

Ẽab = Eab , H̃ab = 0 . (43)

As we will see shortly, the special restriction placed on the shear in Eq. 42 results

in the integrability conditions for quasi-Newtonian models.19

We now see that for shear-free dust spacetimes (of which quasi-Newtonian mod-

els are a subclass) we can rewrite Eq. 26 in the quasi-Newtonian frame as

Eab ≡ Eab − 1
2π

∗
ab − ∇̃〈aAb〉 = 0 . (44)
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From Eq. 25 and using the identity for a scalar Φ:

ηabc∇̃b∇̃cΦ = −2Φ̇ωa , (45)

it is clear that for an irrotational model,

ηabc∇̃bAc = 0 =⇒ Aa ≡ ∇̃aΦ . (46)

Here the scalar Φ is the (peculiar gravitational) acceleration potential and corre-

sponds to the covariant relativistic generalisation of the Newtonian potential.

3.1. First integrability condition

Differentiating equation 44 with respect to cosmic time t, and using equations 22

and 24, one obtains

∇̃<a∇̃b>

(

Φ̇+
1

3
Θ

)

+

(

Φ̇+
1

3
Θ

)

∇̃<a∇̃b>Φ+ π̇∗
ab +

2
3Θπ∗

ab = 0 , (47)

where, for any scalar function X , the identity
(

∇̃〈a∇̃b〉X
).

= ∇̃〈a∇̃b〉Ẋ − 2
3Θ∇̃〈a∇̃b〉X + Ẋ∇̃〈a∇̃b〉Φ (48)

has been used. For scalar perturbations we can write the anisotropic pressure π∗
ab

in terms of a potential Ψ38, 39

π∗
ab = ∇̃〈a∇̃b〉Ψ , (49)

then we can rewrite 47 as

∇̃<a∇̃b>

(

Φ̇+
1

3
Θ + Ψ̇

)

+

(

Φ̇+
1

3
Θ + Ψ̇

)

∇̃<a∇̃b>Φ = 0 . (50)

Equation 50 is the First Integrability Condition (FIC) for quasi-Newtonian cos-

mologies and is a generalisation of the one obtained in.19 The modified van Elst-Ellis

condition18, 19 for the acceleration potential is thus generalized to:29

Φ̇+
1

3
Θ = −Ψ̇ . (51)

An important consequence of this condition is the evolution equation of the 4-

acceleration Aa. We derive this evolution equation from the gradient of 51 by means

of the scalar commutation relation

(∇̃aX). = ∇̃aẊ − 1

3
Θ∇̃aX + ẊAa (52)

and finally by using the shear-free constraint 24

qa = qma + q∗a = µmva + q∗a =
2

3
∇̃aΘ , (53)

we arrive at

Ȧa +
(

2
3Θ+ Ψ̇

)

Aa + ∇̃aΨ̇ + 1
2µmva +

1
2q

∗
a = 0 . (54)
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3.2. Second integrability condition

To check for the consistency of the constraint 44 on any spatial hypersurface of

constant time t, let us take the divergence of Eab, using the identity for projected

vectors Aa:

∇̃b∇̃〈aAb〉 =
1
2∇̃

2Aa +
1
6∇̃a(∇̃cAc) +

1
3

(

µ− 1

3
Θ2

)

Aa , (55)

which, after some simplification, becomes

∇̃b∇̃〈a∇̃b〉Φ = 2
3∇̃a(∇̃2Φ) + 2

3

(

µ− 1
3Θ

2
)

∇̃aΦ . (56)

Using Eqs. 23, 24 and 28, Eq. 56 can be re-written as

∇̃aµ− 2

3
Θ∇̃aΘ− 2∇̃a(∇̃2Φ)− 2

(

µ− 1

3
Θ2

)

∇̃aΦ− 2∇̃a(∇̃2Ψ)

− 2

(

µ− 1

3
Θ2

)

∇̃aΨ = 0 , (57)

which is the Second Integrability Condition (SIC).

This result is, in general, independent of the FIC (as is also the case without an

anisotropic stress19).

By propagating the (modified) van Elst-Ellis condition we obtain the covariant

modified Poisson equation:

∇̃2Φ =
1

2
(µ+ 3p)−

[

3
(

Φ̈+ Ψ̈
)

+
(

Φ̇+ Ψ̇
)

Θ
]

. (58)

Using Eqs. 51 and 53, we are able to express the peculiar velocity as

va = − 1

µm

[

2∇̃aΦ̇+ 2∇̃aΨ̇ + q∗a

]

. (59)

By virtue of Eqs. 19 and 21, va evolves according to

v̇a +
1

3
Θva = −Aa . (60)

This result is identical with that in GR. The peculiar velocity va and the 4-

acceleration Aa decouple from each other when one evolves Eq. 60 to get the second-

order propagation equation of the peculiar velocity. By using the Friedmann and

Raychaudhuri Eqs. 6, 20 in Eq. 60 above, we obtain

v̈a +
(

Θ+ Ψ̇
)

v̇a +

[

1
9Θ

2 + 1
3 Ψ̇Θ− 1

2µm − 1

6
(µ+ 3p)

]

va

− ∇̃aΨ̇− 1

2
q∗a = 0 .

(61)

The corresponding general relativistic equation19 reads

v̈a + Θv̇a −
[

1
9Θ

2 +
2K

a2

]

va = 0 , (62)
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where we have used the fact that K
a2 = 1

3

(

µm − 1
3Θ

2
)

.

Now let us substitute for the peculiar velocity in Eq. 60 by using the expression

given in Eq. 59 to obtain, to linear order,

∇̃aΦ̈+Θ∇̃aΦ̇+
(

Φ̈+ Ψ̈− 1
2µm

)

∇̃aΦ+ ∇̃aΨ̈ + Θ∇̃aΨ̇

+ 1
2 q̇

∗
a + 7

6Θq∗a = 0 .

(63)

Using Eqs. 20 and 51 one can show that the acceleration potential Φ satisfies

Φ̈ = 1
9Θ

2 + 1
6 (µ+ 3p)− 1

3 ∇̃
2Φ− Ψ̈ . (64)

We are then able to replace the coefficient Φ̈ in Eq. 63 with expression 64 to arrive

at the (linearized) equation

∇̃aΦ̈+Θ∇̃aΦ̇+

[

1

9
Θ2 + 1

6 (µ+ 3p)− 1
2µm

]

∇̃aΦ+ ∇̃aΨ̈ + Θ∇̃aΨ̇

+ 1
2 q̇

∗
a + 7

6Θq∗a = 0 . (65)

Let us take the gradient of the modified Poisson equation 58 and use the modified

van Elst-Ellis condition 51 to obtain the second dynamical equation for the (peculiar

gravitational) acceleration potential Φ:

∇̃a(∇2Φ) = 1
2 ∇̃aµ+ 3

2∇̃ap− 3∇̃aΦ̈−Θ∇̃aΦ̇−
(

Φ̇+ Ψ̇
)

∇̃aΘ− 3∇̃aΨ̈−Θ∇̃aΨ̇ .

(66)

Now if one uses 66 in 57, the SIC becomes

6∇̃aΦ̈+ 6Θ∇̃aΦ̇−
(

2µ− 2

3
Θ2

)

∇̃aΦ+ 6∇̃aΨ̈ + 6Θ∇̃aΨ̇−
(

2µ− 2

3
Θ2

)

∇̃aΨ

− 2∇̃a(∇̃2Ψ)− 3∇̃ap = 0 .

(67)

The two integrability conditions above are generally independent of each other.

However, in the following section, we will show that Eq. 67 is identical with Eq. 57

by virtue of Eq. 65 in the appropriate limits of f(R) gravity theories, thus showing

that given the First Integrability Condition, the Second Integrability Condition is

identically satisfied..

4. Integrability conditions for f(R) gravity

If we specialise to f(R) gravitational models, then applying variational principles

of the action given by Eq. 4 with respect to the metric gab results in the generalized

field equations (8) reducing to

Gab = Tab + TR
ab , (68)
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where

TR
ab =

1

2
gab (f −Rf ′) +∇b∇af

′ − gab∇c∇cf ′ + (1− f ′)Gab (69)

is the curvature contribution to the EMT. It corresponds to the T ∗
ab we saw in Eq. 8

and is covariantly conserved. In these models, the linearized curvature components

of the thermodynamical quantities are given by

µR = TR
abu

aub =
1

2
(Rf ′ − f)−Θf ′′Ṙ +

1

3
(1− f ′)Θ2 + f ′′∇̃2R ,

pR = 1
3 (T

R
abh

ab) =
1

6
(3f −Rf ′ − 2R) + f ′′R̈+ f ′′′Ṙ2 +

2

3
Θf ′′Ṙ+

1

9
(1− f ′)Θ2

− 2

3
f ′′∇̃2R ,

qRa = −TR
bcu

bhc
a =

1

3
f ′′Θ∇̃aR− f ′′′Ṙ∇̃aR− f ′′∇̃aṘ − 2

3
(1− f ′)∇̃aΘ ,

πR
ab = TR

cdh
c
〈ah

d
b〉 = f ′′∇̃〈a∇̃b〉R , (70)

and the total cosmic medium is composed of standard matter and the curvature

fluid, with the total thermodynamical quantities given by

µ ≡ µm + µR , p ≡ pm + pR , qa ≡ qma + qRa , πab ≡ πR
ab . (71)

Comparing Eqs. 49 and 70, we conclude that, to linear order, f(R) models corre-

spond to modified gravitational theories with Ψ = f ′. For these models, Eqs. 65

and 67 are given by

2f ′∇̃aΦ̈+ 2f ′Θ∇̃aΦ̇− 2

3

(

µm − 1

3
Θ2f ′

)

∇̃aΦ+ 2f ′′Ṙ∇̃aΦ̇+ f ′′∇̃aR̈

+
1

3

[

f −Rf ′ + 2Θf ′′Ṙ
]

∇̃aΦ+

(

2f ′′′Ṙ+
4

3
Θf ′′ − 2Ṙ

f ′′2

f ′

)

∇̃aṘ

+

[

7ff ′′

6
− µmf ′′

3f ′
+

4

3
ΘṘf ′′′ − 2Ṙ2 f

′′′f ′′

f ′
+ 2Ṙ2 f

′′3

f ′2
+ f (iv)Ṙ2 + f ′′′R̈− 1

3
Rf ′′

−1

3
ṘΘ

f ′′2

f ′

]

∇̃aR = 0

(72)

and

6f ′∇̃aΦ̈+ 6
(

f ′′Ṙ+ f ′Θ
)

∇̃aΦ̇−
[

2µm − 2

3
Θ2f ′ + Rf ′ − f − 2ṘΘf ′′

]

∇̃aΦ

+3f ′′∇̃aR̈+

(

6f ′′′Ṙ+ 4Θf ′′ − 6Ṙ
f ′′2

f ′

)

∇̃aṘ+

[

7ff ′′

2f ′
− f ′′

f ′
µm −Rf ′′

−ṘΘ
f ′′2

f ′
+ 3f (iv)Ṙ2 + 4ṘΘf ′′′ − 6Ṙ2 f

′′′f ′′

f ′
+ 6Ṙ2 f

′′3

f ′2
+ 3R̈f ′′′

]

∇̃aR = 0 ,

(73)

which can easily be shown to be identical because of the exact form the thermody-

namic quantities given by Eqs. 70 take in f(R) gravity.
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5. Results and Discussion

We have demonstrated the existence of two generally independent integrability con-

ditions for generic fluid models with an anisotropic stress based on a linearized co-

variant consistency analysis of dust universes in the shear-free hypersurfaces (lon-

gitudinal) gauge originally developed for pressure free matter. The First Integra-

bility Condition (FIC) is a result of temporal consistency requirement for the field

equations, whereas the Second Integrability Condition (SIC) arises as a result of

demanding spatial consistency of the field equations.

We applied the analysis to the case of f(R) theories, for which case we showed

that if one uses the modified van Elst-Ellis condition of the FIC, the SIC is identi-

cally satisfied. The exact form of the anisotropic pressure in Eq. 70 plays the key

role for this result to be found.

We also derived the evolution equations for the acceleration and peculiar veloc-

ity, which follow from the generalized van Elst-Ellis condition for the acceleration

potential Φ.

As in GR, the velocity perturbations are scale-independent, however because of

the existence of the extra scalar degree of freedom arising from the modification of

GR, matter density fluctuations depend on the scale of the perturbations. A careful

analysis of the matter density perturbations provide insight into how modifications

of the theory of gravity change the effect of peculiar velocities on large scale structure

formation. This is left for subsequent investigations.

A natural generalisation of this work worth investigating is to consider the non-

linear case in order to determine whether there are classes of f(R) theories that

lead to a consistent set of integrability conditions.

Appendix A. Useful covariant identities

In the standard covariant description, we project onto surfaces orthogonal to the 4-

velocity of the fluid flow using the projection tensor hab ≡ gab+uaub and ∇̃a = hb
a∇b

is the spatially totally projected covariant derivative operator orthogonal to ua, the

comoving 4-velocity of fundamental observers. The covariant convective and spatial

covariant derivatives on a scalar function X are respectively given by

Ẋ = ua∇aX, ∇̃aX = ha
b∇bX . (A.1)

The geometry of the flow lines is determined by the kinematics of ua:

∇bua = ∇̃bub − aaub , (A.2)

∇̃bua = 1
3Θhab + σab + ωab . (A.3)

From (A.2) and (A.3) we obtain an important equation relating our key kinematic

quantities:

∇bua = −ubu̇a +
1
3Θhba + σba + ωba . (A.4)

The RHS of this equation contains the acceleration of the fluid flow u̇a, expansion

Θ, shear σba and vorticity ωba.
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Appendix B. Useful differential identities

The following identities have been used to obtain the results in this paper19, 35

ηabc∇̃b∇̃cf = −2ḟωa , (B.1)

∇̃2
(

∇̃af
)

= ∇̃a

(

∇̃2f
)

+ 2
3

(

µ− 1

3
Θ2

)

∇̃af + 2ḟηabc∇̃bωc , (B.2)

(

∇̃af
)·

= ∇̃aḟ − 1

3
Θ∇̃af + ḟAa , (B.3)

(

∇̃aSb···

)·
= ∇̃aṠb··· −

1

3
Θ∇̃aSb··· , (B.4)

(

∇̃2f
)·

= ∇̃2ḟ − 2

3
Θ∇̃2f + ḟ∇̃aAa , (B.5)

∇̃[a∇̃b]Vc =
1
3

(

1

3
Θ2 − µ

)

V[ahb]c , (B.6)

∇̃[a∇̃b]S
cd = 2

3

(

1

3
Θ2 − µ

)

S[a
(chb]

d) , (B.7)

∇̃a
(

ηabc∇̃bV c
)

= 0 (B.8)

∇̃b

(

ηcd〈a∇̃cS
b〉

d

)

= 1
2η

abc∇̃b

(

∇̃dS
d
c

)

, (B.9)

where the vectors and tensors vanish in the background, Sab = S〈ab〉, and all iden-

tities except (B.1) are linearized. (Nonlinear identities can be found in.34, 36, 37)
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